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Hartree-Fock equations

= An n-electron problem breaks down to a set of coupled one-electron
equations

n

H|¥) = E| V) f\%>=2€ab\%>
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da Clb |b=1 :
VHF

= \Wave function approximated by a single Slater determinant | ¢,¢;...¢,)

= mean-field approximation Va_bl — VHE

= one Slater determinant = single configuration ground state only



Why multiconfigurational wave functions

m | et’s have a look at H> dissociation

WA YR
= \We assume RHF wave function with - .
doubly occupied bonding orbital
c=N (l//A T WB)
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lonic terms present even when |[ra—rg| — oo



Ho> dissociation MC wave function

= Now we add an excited configuration
composed of a doubly occupied Ya

antibonding orbital ” -

c=Na+vs) o =Ny — )

(D) =N (wa(Dya(2) + wa(Dy(2) + w(Dya(2) + w(Dyp(2)) 05
|©7) = N2 (ya(Dywa @) — wa(Dyp) — yp(Dpa@) + y(Dyp2)) 0,




Electronic energy [Ex]

Ho> dissociation MC wave function

= Additional wave function flexibility allows for

correct dissociation process
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Ho> dissociation What about UHF

N - 04 |
= Additional flexibility of a | RHF
- ﬁ
UHF wave function allows _ 0.3{ |
for correct dissociation W
pProcess 5 02
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Electron correlation

= |n electronic structure theory, correlation energy defined as

E —

COIT exact EHF
" HF energy correct within 1% of the exact energy

Not good enough for relative energies!

= Conseqguence of having the wave function approximated by a single
Slater determinant

_1 _ .
F'ob ™ VHF dynamic correlation

| 1,...0,) static correlation



n-electron expansions

= \Wave function expansion into a basis of excited Slater determinants

[ Weer) = Col @) + Zcmm + = Zc;;z\@ ) + — 2 Crl | @7 ) +

abrs abcrst

[WYep) = A+C+ - + C) | D) All n — oo roads lead
W) = ef1+f2+...+fn‘ ;) to the exact energy



FCIl wave function and correlation

= \Weights of a FCI| wave function reflect the dominant type of electron
correlation for a particular system

purely
dynamic m dominant HF determinant

m many low-weight determinants

| Wrer) = Col @) + CB|D3) + C | D)y + CI|{ D) + C5|DS) + CLI D) + -

static m a few high-weight determinants



Cutting the FCI costs

= \We can limit the maximum excitation rank... = e.g. CISD

| Wersp) = Col ) + ZC"\@"> + — Zc;;;\@"p

abrs

= . .or the orbital space in which we perform excitations - CAS-CI

|
Weas-cr) = Col o) + ZCF Q) + — ch;;\ ) = ) Coel®
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Complete active space

= Complete active space CAS(n, k)

= all possible configurations using n electrons in k orbitals

/\
||
N
occupied active virtual
2 FCI 0
fixed occupation performed fixed occupation

CAS-CI| = FCI restricted to a CAS!

still FCI
scaling!

()
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Multiconfigurational SCF

= MCSCF wave function for the state /

Wre) = D ClPL0)  where [ D)) = | y(ep) @a(cy)...)
1

= This wave function is then optimized variationally

= _..but w.r.t. to two sets of variational parameters:

. . (e, O)|H|¥(c, C))
Emescr = Tlcn e, €)= Ilmcn (¥(c,C)|¥(c, C))

C Cl coefficients
¢ orbitals coefficients

constraint

with the Z C |2_1
=
I
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MCSCF Solution

= Varying parameters ¢ and C so that E(c, C) becomes stationary...

OR

= ..might be decoupled into a two-step procedure
Solve CAS-CI Build orbital gradients Optimize orbitals
¢c — E(c, C) V. E(c, C) V. E(e,C) — ¢

= Compared to SCF, where only the occupied orbitals are optimized, now we
optimize all orbitals contained within the active space
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Multireference methods

= MRCI| — Multireference configuration interaction
= Linear excitation operator applied to a MC(SCF) wave function
= Each reference determinant has its own set of Cl coefficients

| Pyirer) = (1 + CAwl + éz + ) | Pye)

1
= X (CU) @) + Z CADN @) + 5 X CHDI@)) + -

i abrs

" CASPT2 — CAS perturbation theory through second order

= Rayleigh-Schrodinger PT applied to a CASSCF wave function

)
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Quiz

= \What active space composition would you choose for the study of N>
dissociation? How many electrons in how many orbitals? Which ones?

= Consider a degenerate ground state described by a wave function |'Y;)
comprising two Slater determinants | ®,) and |®,) . If we only take | ®,) as a
reference for a CID calculation instead of |'¥,), how many configurations
would be missing in the CID expansion?

[ o) = D) + | D)

‘(I)()> |(I)1> —

il
il
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Why SR methods fail”? N2> dissociation

= Singlet N2 dissociates into two quartet nitrogen atoms
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N> dissociation A single-reference catastrophe
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N> dissociation MBPT and CC

= Let’s have a look at the energy corresponding to the *' amplitude
(ab|rs)
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N> dissociation CASSCF

m difference in bond
energy

CASPT2 — CASSCF
AD, ~ 4 kcal/mol

but only

FCI — CASPT2
AD, =~ (.75 kcal/mol
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N> dissociation UHF reference
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Active space selection

= |deal: all valence orbitals — usually not an option
= Bond formation/dissociation: = Correlating pairs o-c* and m-mt*
= Electron spectroscopy: = All potential excitation sites
= All planar unsaturated m, T
= Double-shell effect — important for first-row transition metals starting from Cr

= |deal: Inclusion of all 3d + all 4d orbitals

If you want to compare CASSCF energies,
CAS has to be consistent along the entire studied process!

Veryazov, Malmquist, Roos; Int. J. Quantum Chem. 111, 3329 (2011)
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https://doi.org/10.1002/qua.23068

CAS selection Fe(ll)-porphyrin model CAS(32,34




Going large scale with approximate FCI

= Contemporary FCl: maximum CAS(24,24), practical possibly CAS(19,19)

Selected CI

» Systematically include determinants based on their coupling to the
reference determinant(s)

FCI Quantum Monte Carlo
= Stochastic approach, walkers sample the determinant space

Density Matrix Renormalization Group

= Numerical variational approximation to FCl — keeps maximum number
of parameters capped while minimizes the loss of information
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When to be cautious

Bond breaking/formation

Competing
valence structures

Transition metals

dng2 gnt+tigl gn+2
spin multiplets

Excited states
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The following slides are just FYI

...and if you are more interested in MC

Roos et al.: Multiconfigurational Quantum Chemistry (2016)


https://doi.org/10.1002/9781119126171

Approximate FCI: Selected CI

= Determinants selected iteratively

= Example: CIPSI Algorithm

1. Reference WF |Py) = Zcilq)i> - E

l

2. GenerateSD  |¥)) — |a) € {|¥),|¥))

3. Evaluate PT2 _ (WolH|a){a|H|¥)

contributions AL, Ey — (a|H|a)
4. Add dets.  if AE,>Thr — |¥) += |a)
5. Solve  HC=EC - [|Y.,),EL.y,
If NOT CONVERGED

Huron, Malrieu, Rancurel; J. Chem. Phys. 58, 5745 (1973)


https://doi.org/10.1063/1.1679199

Approximate FCl: FCIQMC

® Stochastic approach to FClI — determinant space sampled by walkers
= Rules: = Signed walkers spawn, die, and annihilate

= Population dynamics governed by

dN
= (H; — S)N, + ZHU.N]. N, number of walkers on | ®;)

J#i r Imaginary time
S population control parameter

dr

In the long time limit £, = lim E(zr) and ¢, x N,

T— 00

Booth, Thom, Alavi; J. Chem. Phys. 131, 054106 (2009) 27


https://doi.org/10.1063/1.3193710

Approximate FCI: DMRG

= FCIl wave function in occupation number representation # parameters 4k

‘lPFCI> — Z C“l“z'““kmlaz---ak) where ‘ai> € { ‘_>9 ‘i)a ‘T)? ‘l«T>}
a}

= Repeated application of SVD — matrix product state # parameters  O(kM”)

‘\PMPS> p— Z AalAO[Z...Aak—lAak‘alaz...ak_lak>

Lo} M <« bond dimension

= [teratively optimized, with dimension of matrices A% kept at M by truncation
using SVD

Chan, Sharma; Annu. Rev. Phys. Chem. 62, 465 (2011)
Wouters, Van Neck; Eur. Phys. J. D 68, 272 (2014) 28


https://doi.org/10.1146/annurev-physchem-032210-103338
https://doi.org/10.1140/epjd/e2014-50500-1

