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1. Configuration Interaction (CI)
(Script: Chapter 5)

(Methods that use Hartree-Fock as a starting point and 
go  beyond it, i.e. that take electron correlation into 
account)

Post-Hartree Fock Methods:
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Electron Correlation
Per-Olov Löwdin

(1916-2000)
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: Physicist’s view

(electrons ‘avoid each other’ → electron-electron repulsion is lowered)
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Discussion on correlation

From Jürgen Gauss lecture on Coupled Cluster, figure from T. Helgaker, P. Jørgensen, J. 
Olsen „Molecular Electronic-Structure Theory“

Helium atom

No dependence on the instantaneous position of electron 2 -> independent motion
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Discussion on correlation

From Jürgen Gauss lecture on Coupled Cluster

Helium atom

Dependence on the position of electron 2: correlated motion

5

Discussion on correlation

From Jürgen Gauss lecture on Coupled Cluster

Helium atom

Coulomb Hole
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Discussion on correlation

From Jürgen Gauss lecture on Coupled Cluster

Helium atom

Another view : wavefunction plotted on a circle of radius 0.5 a0
centered at the nucleus.

Variation of the angle between the two electron coordinate vectors. 
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Post-Hartree-Fock Methods

Methods  use a Hartree-Fock calculation as starting point and try to 
improve the HF results by taking account of electron correlation: 

• Configuration Interaction (CI)
• Møller-Plesset Perturbation (MP)
• Coupled-Cluster (CC)
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1) What would be a straightforward way to improve over the Hartree-Fock 
approximation? What better Ansatz could we use for the many-electron 
wavefunction?

2) Does this Ansatz lead to solutions that take account of the correlation 
hole?

3) Using this improved Ansatz for the many-electron wavefunction, can 
the electronic Schrodinger equation be solved in practise?

Quiz X: Post-Hartree Fock Methods
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How can we construct a basis of Slater determinants?

For a basis set with M basis functions, the dimensions of the Fock matrix are 
MxM:
Examples:  
minimal basis set for H2O => 10 electrons, 7 basis functions => 7 HF orbitals 
and HF eigenvalues => 5 (doubly) occupied and 2 empty (virtual orbitals)

=> let’s make use of what we already have: the Hartree-Fock solution:

F’C’ = E C’

HF ground state configuration

f1, e1

f7, e7

excited state configuration excited state configuration

f1, e1

f7, e7

f1, e1

f7, e7
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.

Each Slater determinant corresponds to a different electronic configuration (therefore the name 
Configuration Interaction (CI)) that is generated by creating excited state configurations from the 
ground state Hartree-Fock wavefunction.

HF ground state

m1

m2

m3

m4

m5

m6

222
0 321 mmm

fff=F

single excitations ‘S’
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double excitations ‘D’

m1

m2

m3

m4

m5

m6
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2 421 mmm

fff=F

All possible singly excited configurations in this example:
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ffff=F
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22
1 mmmm

ffff=F
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22
1 mmmm

ffff=F
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1) How many occupied and virtual orbitals do you get from a HF 
calculation of H2O with a 6-31G* basis set? 

2) How many Slater determinants can you construct out of these HF 
orbitals?

Quiz XI: Configuration Interaction
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We often use the letters a,b,c etc.. for the occupied molecular orbitals from which we excite an 
electron, and the letters r,s, etc.. to label the empty (virtual) orbitals to which we excite electrons.

In this way, we can write the linear combination of Slater determinants that describe the many 
electron wavefunction Y as

If we include Slater determinants for all possible excitations, the method is called full CI and
The result is exact (within a chosen basis set)!

0F Hartree-Fock ground-state determinant

r
aF singly-excited determinants

rs
abF doubly-excited determinants

r,s: indices for virtual orbitals
a,b: indices for occupied orbitals

+F+F+F=Y åååååå rs
ab

a b r s

rs
ab

r
a

a r

r
a

CI CCC 00
a≠b		 r	≠	s			s
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If we include all possible excited state configurations where one electron is promoted from the 
occupied to the unoccupied orbitals, the method is called CIS, if we include all possible single and 
double excitations it is CISD etc.. (CISDT, CISDTQ…). By allowing for this increased flexibility of 
the wavefunction, we are able to capture the modifications of the electronic distribution caused by 
correlation effects. If we include all possible excited state configurations, the method is called full CI 
and the results is exact.
So in theory we now know how to solve a many-electron Schrodinger equation exactly:

Like for Hartree-Fock, we can calculate the expectation value of the total energy of the 
system: 

Where Y is a linear combination of Slater determinants generated from the Hartree-
Fock orbitals 

To find YCI, we use the variational theorem that tells us that the best wavefunction is 
the one that minimizes the total energy Eel:
If we minimize E with respect to the coefficients C (but leave the one electron orbitals 
untouched, i.e. equal to the Hartree-Fock orbitals), the method is called CI (it takes 
account of dynamic correlation).
If we include only few determinants and minimize with respect to the coefficients Ci 
and the one-electron MOs Фi (cim) the method is called multireference (multireference
methods are especially good for taking static correlation effects into account => lecture
on multifreference methods!).

+F+F+F=Y åååååå rs
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r
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a≠b		 r	≠	s			s
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We get the matrix equation 

CEHC = LKKL HH FF=

with the Hamiltonian matrix elements: 

We do not have to calculate all of the Hamiltonian matrix elements because some of 
them are zero. There are simple rules (Slater-Condon rules) that help us to know which 
ones (see script):

All we have to do is to diagonalize this matrix and we have found the exact solution of 
the many-electron Schrodinger equation in a given basis!

First arrange determinants with maximum coincidence:
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Slater-Condon Rules
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1) Which type of configurations are contributing the most to electron 
correlation? Singles? Doubles? Triples?

2) How large are the Hamiltonian matrix elements of the type:

A) 

B)  

C)

Quiz XII: Slater Rules

H0S = Φ
0

HF H Φ
a

r

H0T = Φ
0

HF H Φ
abc

rst

H0Q = Φ
0

HF H Φ
abcd

rstu
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We get the matrix equation 

CEHC = LKKL HH FF=

with the Hamiltonian matrix elements: 

We do not have to calculate all of the Hamiltonian matrix elements because some 
of them are zero. There are simple rules (Slater-Condon rules) that help us to 
know which ones (see script):

All we have to do is to diagonalize this matrix and we have found the exact 
solution of the many-electron Schrodinger equation in a given basis!
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In practice: the number of determinants we have to include to do a full CI 
calculations is intractable in most cases!

Full CI calculations have been performed as benchmarks studies for very small molecules. CIS is 
sometimes used for approximate excited state calculations. Otherwise CI is not used very often 
because it is simply too expensive and other correlated methods give results of comparable quality 
for a lower computational cost. 

# of determinants 

We would have to calculate, store and diagonalize a 1052x1052 Matrix (ca. 1093 
TByte!)

𝑁!"
𝑁#$

=
𝑁!"!

𝑁#$! 𝑁!" −𝑁#$ !
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