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Ridge regression: 
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1 x1

1 … x1
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⋮ ⋮ ⋱ ⋮
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Matrix form:

̂yML(x*) = x*w = [1 x*1 … x*d ]
w0
w1
⋮
wd

Loss function:

Linear least squares with  regularisationL2



Ridge regression: closed-form and linear kernel
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Closed-form solution for ridge regression:

w = arg min
w

ℒ = arg min
w
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2)
∂ℒ
∂w

= 0 ⟹ w = (XT X + λI )−1XTy

also, you can write it as (see exercise notes): w = XT(XXT + λI )−1y

̂yML(x*) = x*w = [1 x*1 … x*d ] XTa

a := (XXT + λI )−1y ⟹ w = XTa
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= [1 x*1 … x*d ]

K(x*, xi) ai

Linear kernel



Kernel Ridge Regression (KRR):
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It’e equivalent to previous solution, except we changed the basis:

̂yML(X) = Ka , a = (K + λI )−1y

̂yML(x*) =
m

∑
i=1

K(x*, xi) ai

What does change of basis mean in linear algebra:
For simplicity, let’s look at a case with 2 variables and 3 training data

̂yML(x*) = x*w = [x*1 x*2 ] [w1
w2] = x*1 w1 + x*1 w2

= [x*1 x*2 ] [w1
w2][x1 0

0 x2]
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Kernel Ridge Regression (KRR): nonlinearity
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Include nonlinearity, for example a quadratic model:

This makes the data that are not linearly 
separable in , linearly separable in 
higher dimensions, still computed 
efficiently

ℝ2

̂yML(X) = ϕ(X)w
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K(x*, xi) = ⟨ϕ(x*), ϕ(xi)⟩ = ((x*)T x + 1)2



Kernel Ridge Regression (KRR): kernel trick
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This allows us to use non-linear kernels efficiently:

K(x*, xi) = ⟨ϕ(x*), ϕ(xi)⟩

̂yML(x*) =
m

∑
i=1

K(x*, xi) ai

w = (ϕ(X)Tϕ(X) + λI )−1ϕ(X)T y

̂yML(X) = ϕ(X)w

In the case of linear kernel:

K(x*, xi) = ⟨x*, xi⟩

In the case of quadratic kernel:

K(x*, xi) = ⟨ϕ(x*), ϕ(xi)⟩ = ((x*)T x + 1)2



Kernel Ridge Regression (KRR): Gaussian kernel
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The Gaussian kernel is very popular in chemistry

This kernel provides an intuitive notion of similarity, i.e. distance in feature 
space:

K(x*, x) = exp (−γ∥x* − x∥2
2)
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x1

̂yML(x*) =
m

∑
i=1

aiK(x*, xi)

K(x*, xi) = exp (−γ∥x* − xi∥2
2)

Linear basis
K(x*, xi) = ⟨x*, xi⟩
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x2x1
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Radial basis



Summary
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✤ Kernel and linear models

✤ Kernel trick

✤ Similarity and Gaussian kernel

✤ One should do CV to obtain the hyperparameters of kernel


