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Core Concepts

Constructing Mathematical Models:

Random Walks in a potential landscape

Molecular force spectroscopy simulation - noise matters
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Take-Home message

- The cellular world is not homogeneous nor isotropic, so simple
random walks are not enough

- It’s not only in Quantum Mechanics that the observer changes
the system

- The strength of a molecular bond depends on loading rate
because thermal fluctuations are a relevant energy scale

- Simulations allow us to solve problems that cannot be done
analytically or numerically (unknown potential)
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RWs in a potential landscape

Many dynamic problems in cells are more complex than simple Brownian motion:

a bond between two molecules diffusing together in the cytoplasm breaks
a lipid molecule leaves the membrane and enters bulk solvent

a chemical reaction converts reactants into products

a molecular motor pulls a transport vesicle along a filament

a white blood cells crawls along a vessel wall

cells adhere by focal adhesion contacts

These problems, and others, can be solved by considering a particle executing a RW in a
potential landscape where barriers occur. The interpretation of the potential, the barriers, and
the particle (or reaction coordinate) varies for each problem but the maths is the same.

How do we extend our “RW as a model of Brownian motion” tool to solve problems like these
where there is a combined effect of thermal fluctuations and applied forces?
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RWs in a potential landscape cPrL

Consider a non-covalent bond binding two molecules

Q. What is the mean bond strength!?

—l

V(x)
r ~ exp(-dV/kT)
V(f) = VO - f.x

Let the bond be represented as a particle in a potential well V(x); for any barrier height, \ve can
define a mean escape time (~ bond strength) but we can perhaps shorten this by pulling on the

particle with a force F(t).

The overdamped Langevin equation for this problem is (acceleration term = 0):
( M.d2x/dt2 )+ y.dx/dt = -dV(x)/dx + F(t) + +/D.T(¢)

where Y is the friction coefficient, V(x) the potential function, F the applied force,and D the
strength of the white noise ['(t) which determines the diffusion rate.
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RWs in a potential landscape cPrL

We could solve the problem by integrating this stochastic differential equation:

x(t + dt) = x(t) +1/y (-dV(x)/dx + F(t) ).dt + v/D/y.N(0, I).+/dt

with the Recipe:

- Specify the potential landscape V(x)
- Specify the pulling force as a function of time F(t)
+ Choose the boundary conditions and initial position x(0)

* Numerically integrate the above Langevin equation until the particle escapes or a maximum
number of time steps has passed.

e.g.,V(x) =Ax2(l-x) and set F(t) = 0 and Yy = | for simplicity. Start with x(0) = 0, and say that
the particle has “escaped” when it reaches x ~ 5. Repeating the simulation many times with
different initial conditions (i.e., random number seed for the generator) allows us to estimate
the mean and variance of the escape time.Then we could choose a force F(t) and repeat.

Or, we could do a simulation ...
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Pulling a lipid out of a membrane

(see dmpci.fs| on moodle, lecture 3)

Note that F(t) can have different
forms:

F(t) = constant
F(t) = k(t - t0)

We don’t know the form of V(x)
for the membrane but the
simulation implements it for us
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Assisted escape from a potential well =PrL

If a particle takes a certain, average time to escape from a potential well in the quasi-
equilibrium case, how does this time increase or decrease if we apply a pulling force to
help it?
( Q.What does your intuition tell you before looking at next slides! )
Clearly, the mean escape time is the product of two terms:

Prob. escapes in t, t+dt = prob. survives to time t * prob. escapes in t, t+dt
Consider the radioactive decay of particles.
Let n(t) = number of particles present at time t,and let n(0) = no
and let A be the decay rate, i.e., the number of particles that decay in t, t + dt is dn(t):

dn(t) = -A.n(t).dt

This integrates to give the number of particles still undecayed at time t:

n(t) = no exp( -A.t)

BIO-692 Symmetry and Conservation in the Cell 7



What if the decay rate depends on time so that A = A(t)?

The number of particles that survive up to time t is now (why?):

t
n(t) = no exp( - | A(£) dt’)
0

and we define the probability of surviving to time tas n(t) / no.

We can use this result to calculate the mean strength of a bond, or rather its lifetime.
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Mean bond lifetime under a pulling force =PrL

If the instantaneous probability of a particle escaping from a well is A(t), then the probability
that it escapes in the interval t, t + dt is:

p(t).dt = A(t).exp( - [ A(t') dt’) .dt

The mean escape time is defined by:
<T>= [ t.p(t).dt

But p(t) is the derivative of a function so we can integrate by parts to get the mean escape
time:

00 t
<T>= [ dt.exp(-[ A(t) dt")
0 0

where we interpret A(t) as the time-dependent rate of bond breakage. We need a model to
relate this to a pulling force F(t), e.g.,

A(t) = exp (-dV/kBT). exp( F(t).x» / keT ) = exp (-(dV - f.x)/kBT)

where F(t) is a pulling force and xs is a length related to the change in the potential (i.e., A(t))

U Seifert, Rupture of multiple parallel molecular bonds under dynamic loading,
PRL 84:2750 (2000)

BIO-692 Symmetry and Conservation in the Cell



Mean escape time - simple cases =P

Given the expression for the mean escape time:
t
<T>=[dt.exp(- [ A(t") dt’)
0

where A(t) is the time-dependent escape rate (units of |/time).

What is <T> for the following functional forms of the escape rate (to = constant)
1) A(t) = Ao = constant <T> = |/lambda0

2) A(t) =t/ t2 <T> = sqrt(pi) t0

3) A(t) = | / (t + to), infinite

(Classroom derivations: what do you get for <T> in these cases!?)

NB It’s surprisingly hard to find other “simple” expressions for A(t) that can be integrated
analytically, e.g., try A(t) = t2/ to3
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Can pulling make the lifetime increase!?

00 t
<T>= [ dt.exp(-[ A(t') dt’)
0 0

It seems counter-intuitive that pulling on a particle in a potential well should increase the
time required for it to escape.

Q. How could it happen!?
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Dynamic force spectroscopy cPrL

In the 1990s, people started to use the AFM and optical tweezers to explore the strength of molecular
bonds. Because these bonds are very weak, there must be a way of applying tiny (pN) forces.

One technique used an inflated vesicle
held in a micropipette to apply the force. Another, used AFM
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R. Merkel et al. Nature 397:50 (1999) 0 om0 eam 1200 16000

Extension (A)

M. Rief et al. Science 275:1295 (1997)

They found that the bond strength has a strong entropic component and can exhibit several barriers
in the free energy before finally separating. These barriers appear because of the interplay between
random thermal motion, the shape of the potential, and the time dependence of the applied force.
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Single-molecule spring constant experiments =PrL

LABORATORY OF PHYSICS OF LIVING MATTER LPMV

n Teaching People Research Facilities Publications Software Seminars

Share:

spring constants of single molecule and
molecular complexe

Direct measurement of the spring constants of single molecule and
molecular complexe

Recently we have proposed a new method of direct
and continuous measurement of the spring constant of
single molecule or molecular complex (see
Chtcheglova et al. 2003a). To that end the standard
Force Spectroscopy technique with functionalized tips
and samples is combined with a small dithering of the
tip (fig. 1) The change of the dithering amplitude as a
function of the pulling force is measured using a lock-
in amplifier in order to extract the spring constant of
the complex.

The potentialities of this method have been illustrated for the experiments with single
bovine serum albumin (BSA) - its polyclonal antibody (Ab - BSA), fibrinogen - fibrinogen
complexes and avidin - biotin. Example of experimental curves obtained for BSA - Ab BSA
are presented in Fig. 2: lower curves are standard quasi static AFM pulling off curves, while

Events Platforms How to find us

RESEARCH INTERESTS

- AFM-based Single Molecule Force
Spectroscopy

- Protein interaction studied with the Atomic Force

Microscope
- Cryo-AFM, Atomic Force Microscope at low
temperature
- Static and dynamic properties of DNA knots

- Direct measurement of the spring constants of
single molecules and molecular complex

- Topoismerase |l activity and its interaction with
DNA

- Single Molecule Fluorescence Resonance
Energy Transfer Scanning Near-field Optical
Microscopy (FRET SNOM)

CONTACTS

Prof. Giovanni Dietler
Office BSP 409

Tel +41 21 693 04 46
Fax +41 21 693 04 22

https://www.epfl.ch/labs/lomv/
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Dynamic force spectroscopy

Typical experimental questions are:

* How does the strength of a molecular bond (or, equivalently, the mean time for rupture) vary
under an applied force! What about a time-varying applied force!?

- If a force is applied to two vesicles that are linked by many bonds connected in parallel (or series),
how does the rupture time vary with numbers of bonds?

To solve these questions, we can write down a Langevin equation and numerically integrate it,
essentially doing a set of simulations of individual experiments.

y.dx/dt = -dV(x)/dx + F(t) + v/D.T(t)

Simulating this with DPD could be a good project topic ....
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Mean escape time - hard cases

Q.What contributes to the work needed?

Q. How long does it take to pull a lipid out of a membrane!?

=Pi-L

Q. How much work is done!?

Q.What is the least work required?

See dmpci.fs| on moodle, lecture 2 for an
input file and homework exercise 6
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Q. How long does it take to pull a polymer out of a droplet?
Q. How much work is done!?
Q.What is the least work required?

Q. How does work done compare to pulling the lipid from a membrane!?

NB If the droplet is small, pulling on a
molecule may move its centre of mass, »
and this effect may vary with pulling
force.

How can you eliminate this effect?
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|0 mins.
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Exercise

New Exercise - create a linear polymer in water and apply a soft force
to its ends to measure the spring constant of the fluctuating polymer.

Go through the list of homework exercises: first one is due in 3
weeks; use the exercise period and home time to work on them

Create a single long, flexible polymer in a box of water
Apply a force to each end to stretch it

Measure the Force/Extension relation and plot it
Repeat several times to get error bars

Repeat with a segment of sticky beads in the polymer to represent a folded domain
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See dmpci.ex| on moodle, Lecture 3

Bead

Bead

Bead

Bead

I

PrL

0.5
i55 End beads have distinct names so we can ‘“select”
them and apply a force to stretch the polymer;

o5 but their interactions are the same as the B bead

25 25
4.5 4.5

BH
0.5
25 25 25
4.5 4.5 4.5

BT
0.5

25 25 25 25 New bonds must be defined for the end beads
4.5 4.5 4.5 4.5

Bond B B 128.0 0.5 . .

Bond BH B 128.0 0.5 Polymer is made longer so it can fluctuate more
Bond BT B 128.0 0.5

Polymer Water 0.9998 " (w) "

Polymer Spring ©.0002 " (BH (14 B) BT) "
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Measuring the strain

To Do:

|. Set a box size of 30 x 10 x 10; adjust the number fractions to have | polymer of
type (BH (18 B) BT), i.e., distinct head and tail beads so they can be selected.

2. Turn force on at T = 1000 steps. How long should you keep it on?
3. How can you measure the extension?

4. Now change the backbone to contain a new bead type that is “sticky”. Try (BH (6
B) (10 S) (6 B) BT), and give S the same interactions as B except for its self
interaction that is reduced to make it sticky.Vary number of S beads.

Questions to answer

What is the stress/strain relation F(L) for the “molecular spring”?
Does it have different regimes for F(L) under different tensions? Why!?
With sticky beads there are two new parameters: the number of sticky beads and their

self-interaction. How can you select sensible values for these?
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Simulating an entropic spring under tension

We create command targets for the two ends of a molecule and apply equal and
opposite forces to stretch it.

Command SelectBeadTypeInSimBox 1 head BH
Command SelectBeadTypeInSimBox 1 tail BT

Command Comment 1000 // Apply a constant force to the first and last beads in
the +X and -X directions //

Command ConstantForceOnTarget 1000 head fh
Command ConstantForceOnTarget 1000 tail ft

Command Comment 5000 // Delete the applied forces //

Command RemoveCommandTargetActivity 5000 th
Command RemoveCommandTargetActivity 5000 ft
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