




• Graded Exercise 1 will be available on moodle after 
this lecture, and the solutions must be uploaded to 
moodle before midnight Wednesday, 16th October 

• Submit early in case of glitches with the system 

• Each person must submit their own solution, no 
photocopies, nor one person in a group submitting a 
single solution for several 

• All questions can be done by hand except plotting the 
phase portrait, which needs python / other plotter (put 
both in a pdf);  or, you can turn in a working jupyter 
notebook with the solution with manual calculations 
embedded; or both pdf and notebook.

Graded exercise 1



Background quiz





Background quiz:  go.epfl.ch/turningpoint 

Session Id: julian23

All input is anonymous; data are stored outside CH

http://go.epfl.ch/turningpoint


Break



Recipe for solving 2D linear problems:  dX/dt = M X = 0

1) Find τ = Tr M and Δ = det M, and locate the FP on the (τ, Δ) graph. 
Check for the marginal cases that lie on the curve τ**2 - 4*Δ = 0. 
(stop here if all you need is the FP and its stability).

2) Find the nullclines where dx/dt = 0 or dy/dt = 0. Find the sign of the other gradient 
along the nullclines, i.e., where is dy/dt positive and negative along the line dx/dt = 
0? Mark the direction of the vector field on the nullclines.

3) Find eigenvalues and eigenvectors of M. Note that eigenvectors (and nullclines) 
are infinite straight lines for linear problems.

4) On the phase portrait, draw the nullclines and the eigenvectors, sketch the vector 
field around them using the equations for dx/dt and dy/dt.

5) Sketch some trajectories that fit with the nullclines and the eigenvectors  
(stop here if all you need is qualitative/pictorial solution.)

6) Find the complete trajectory from an initial point (x0,y0) by determining the 
constants c1, c2 in the general solution.

Summary



The 2D linear system dX/dt = M X has one isolated fixed point at the origin that 
determines trajectories for the WHOLE phase portrait (if det M ≠ 0).

The type of FP is determined by the trace and determinant of the matrix M only. 
If det M < 0, it’s a saddlepoint. 

det M = 0, non-isolated FP.

If det M > 0 and …

If Tr M < 0, FP is stable; if Tr M > 0 , FP 
is unstable. In both cases:

If τ**2 - 4*Δ < 0, it’s a spiral, 

else if τ**2 - 4*Δ > 0, it’s a node, 

else if τ**2 - 4*Δ = 0, it’s a star or 
degenerate node. 

In all cases, the stability is given by the 
sign of Tr M.

If det M  > 0 and Tr M = 0, it’s a centre, 
i.e., circles/ellipses.



How do trajectories leave the unstable node at (0,0)?

Note the extreme non-linearity! 



Phase Portrait: dx/dt = x(3-x-by), dy/dt = y(2 - x - y)

b = 2 b = 4

As competition from sheep (b) increases, the boundary between the region 
of the phase portrait where the sheep dominate (the stable manifold of the 
saddle point at 1,1) moves towards the X axis, enlarging the region where 
sheep dominate and rabbits go extinct (fixed point 0,2).

separatrix

basin of attraction 
of (3,0)

basin of attraction of (0,2)



Recipe for solving 2D non-linear problems:

dx/dt = f(x, y)
dy/dt = g(x, y)

1) Locate the FPs of the system (if any) from f(x,y) = g(x,y) = 0.

2) Do a 2D Taylor expansion of the functions f(x, y) and g(x, y) to get Jacobian:

J = ( df/dx   df/dy  )
      ( dg/dx  dg/dy )

Apply the linear recipe (  dX/dt = J X ) at each fixed point  (x*, y*), using  
 Tr J and det J to classify each FP, and find its eigenvalues/eigenvectors.

3) If eigenvalues for an FP are complex, there is a centre or spiral, where a trajectory 
rotates about the FP.

4) Find the nullclines, and connect trajectories between the FPs using common sense. 

NOTE. Unlike the linear case, eigenvectors and nullclines are curves not straight lines, 
and the linearised solution only determines the trajectories close to the fixed points.



• Eigenvectors are only valid (i.e., linear) close to a fixed point in 
a nonlinear 2D system, not far away 

• Eigenvectors / nullclines do not always coincide with axes in 
linear or non-linear problems 

• A nonlinear dynamical system can often be treated as a set of 
almost-independent linear systems that have been linearised 
around each fixed point 

• Population models (and concentrations) must be positive or 
zero, they exist only in the first quadrant; don’t analyse fixed 
points in the other quadrants in an answer. 

• But it can be useful to draw trajectories across the axes to see 
how they flow around a fixed point: just make clear that only 
the first quadrant is discussed/calculated.

Tricky points


