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What do you see ?



CHAPTER 6 
Entrainment & synchronisation of oscillators 

Entrainment of phase oscillators 
Continuous sine coupling
Pulsed sine coupling (sine map)

Kuramoto model
Collective synchronization in a population of 
oscillators



Let’s talk about entrainement





Humans are resonating too



Humans resonate to the ligh-dark cycle

sleep interval
light pulse



Chronobiology, larks and owls
ChronoType (CT): time corresponding to mid-point in sleep 

bedtime:10pm up:6am
CT: 2am

from Roenneberg et al. 
Epidemiology of the human 
circadian clock.  
Sleep Med Rev (2007)

owls              larks  

Interpretation: Chronotype as a fixed point φ* (see 6.1)



Humans (mostly) resonate with solar time, not 
social time
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occurs almost one hour before 
mid-dark in Paris and more than 
90 minutes earlier in Santiago 
de Compostela. In orienting 
ourselves predominantly 
according to the social clock, we 
appear to be oblivious to these 
discrepancies. This raises the 
question as to whether the human 
clock is an exception to the rules 
determined for other circadian 
systems, which are predominantly 
entrained to light. If humans were 
entrained by social time, average 
sleep-wake behaviour should not 
change from East to West, while 
a gradual change, or at least 
some systematic deviation from 
time zone constancy, should be 
apparent if the human clock is 
(also) influenced by dawn and 
dusk.

We determine sleep-wake-
behaviour by assessing 
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entrains to sun 
time
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The human biological clock, 
which regulates processes from 
gene expression to behaviour, 
like that of most organisms, 
synchronises to the Earth’s 24 
hour rotation using signals from 
the environment (zeitgebers). 
This synchronisation is an active 
process called entrainment [1]. 
Daily rhythms also persist in 
temporal isolation [2], deviating 
modestly from 24 hours (hence 
circadian). Light is the strongest 
zeitgeber for all circadian systems, 
yet social cues also entrain 
human clocks [3], possibly via 
behaviour, for example changing 
light exposure by closing eyes 
during sleep [4,5]. Here, we ask 
what zeitgebers entrain the human 
clock in real life by exploiting the 
common discrepancy between 
social time and sun time. Our 
results show that the human clock 
entrains to sun time.

Within a given time zone, 
people live according to a 
common social time — which 
tells them, for example, when to 
go to work or watch the evening 
news. Dawn and dusk, however, 
progress from East to West, 
creating a continuum in sun 
time. This creates discrepancies 
between, for example, the actual 
mid-dark phase and midnight 
according to local clock time. 
By definitions of the time zones, 
mid-dark and midnight coincide in 
London or in any other place that 
is a multiple of 15° longitude East 
or West of Greenwich (mid-dark 
and midnight precisely coincide 
only twice a year; mid- dark 
undulates around midnight, 
deviating by approximately ± 
15 minutes, independently of 
location). Accordingly, midnight 

chronotype with a dedicated 
questionnaire (MCTQ). It 
asks people for their habitual 
activity and rest times on 
work and free days [6–8], and 
calculates chronotype by using 
the mid-sleep times on free 
days, corrected for sleep debt 
accumulated over the work 
week (see Supplemental data 
available on-line with this issue). 
For genetic and epidemiological 
studies, such as this one, further 
normalisations for age and sex are 
applied. Chronotype reflects how 
individual circadian clocks are 
entrained within the 24 hour day 
— earlier or later. Partly because 
of genetic variation, chronotypes 
form a normal distribution in a 
population ranging from extreme 
early to extreme late types [7]. 
The MCTQ database currently 
comprises more than 40,000 

Figure 1. Chronotype and 
place of residence.
(A) The geographical distri-
bution of the German places 
of residence of individuals 
contributing to this study (N = 
21,600). A map of Germany 
is shown by the small grey 
insert. (B) The dependence 
on longitude of normalised 
chronotype of people living in 
areas with up to 300,000 in-
habitants. representing 82% 
of the German population (for 
 normalisation, see Supple-
mental data; chronotypes are 
averaged within longitudinal 
bins spanning the West– East 
extension of Germany; regres-
sion line: r = 0.962; p < 0.0001; 
slope –34.2 min per 9°). (C) 
The dependencies of average 
chronotype on longitude for 
9 towns with populations be-
tween 300,001 and 500,000 
(grey symbols; r = 0.934; p < 
0.001; slope –24.2 min per 9°) 
and 11 cities with more that 
500,000 inhabitants (black 
symbols; r = 0.703; p = 0.010; 
slope –13.6 min per 9°). All 
correlations are also highly 
significant for the respective 
raw, un- binned datasets. For 
reference, the slopes of the 
shaded areas in (B,C) reflect 
approximate differences in 
dawn times at the different 
longitudes on June 21st (the 
difference between longitude 
6° and 15° is 36 min). Stand-
ard error of the mean is pre-
sent for all data points but 
often is smaller than the size 
of the dots.
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Two model of coupling: continuous and pulsed  
2. OSCILLATEURS DE PHASE FORCÉS 43

�̇ = �
⇥̇ = ⌥ + K sin(�� ⇥) ,

� = 2⌅/Te et ⌥ = 2⌅/Ti sont les fréquences intrinsèques des oscillateurs et K décrit l’e⇥et
du stimulus sur la phase de la luciole.

Propriétés :
– Si la luciole et le stimulus sont en phase, sin(�� ⇥) = sin(0) = 0.
– Si ⇥ > �, alors la fréquence instantanée ⇥̇ est réduite (sin(� � ⇥) < 0), et donc le

couplage tend à aligner les phases (la phase ⇥ est freinée).
– K détermine la force avec laquelle la luciole peut changer sa phase en réponse au

stimulus.

Analyse du modèle (back to 1D)

Pour déterminer s’il y a entrâınement (c’est-à-dire la luciole suit le stimulus) on pose :

⌃ = �� ⇥

⇥ ⌃̇ = �̇� ⇥̇ = �� ⌥ �K sin(⌃) .

Ou encore
d⌃

d⇧
=

�� ⌥

K
� sin(⌃)

avec ⇧ = K t. Posons µ = ���
K et étudions di⇥érents cas :

Cas I. 0 < µ < 1, où µc = 1 est la valeur critique qui délimite les deux cas. On trouve

Fig. 6.2 – Phase locking (entrâınement). Gauche : Analyse qualitative en 1D ; le PF stable
est indiqué en gras. Droite : Trajectoires pour grand temps.

2 points fixes, un stable et l’autre instable (les 2 points fixes sont répétés périodiquement).
Donc la di⇥érence de phase tends vers une constante.

Interprétation : Il y a entrâınement mais les phases tournent avec une di⇥érence constante
(délai). C’est ce qu’on appelle “phase locking”.

2. OSCILLATEURS DE PHASE FORCÉS 45

Fig. 6.4 – Domaine d’entrâınement en fonction de �.

Il existe d’autre oscillateur biologiques soumis à une force externe, par exemple les
oscillateurs circadiens, où les cycles de lumière et température quotidiens agissent comme
stimuli externe.

⇥̇ = ⇤ +
�

n

�(t� n T )g(⇥(t)) (6.1)

⇥n = ⇥n�1 + ⇤ T + g(⇥n�1) (6.2)
(6.3)

g(⇥) = e sin(⇥) (6.4)

T

2T

3T

‘Like a spring’ instantaneous kicks

Model 1 (6.1) Model 1I (6.2)


