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Guidelines

The following lab manual is structured as follows :

• each section corresponds to a theme

• each subsection corresponds to a separate experiment.

The subsections begin with useful formulas and definitions that will be put in practice during the exper-
iments. These are followed by the description of the experiment and by an example of how to realize it
in Octave.

If you follow the examples literally, you will be able to progress into the lab session without worrying
about the experimental implementation details. If you have ideas for better Octave implementations,
you are welcome to put them in practice provided you don’t loose too much time : remember that a lab
session is no more than 3 hours long.

The subsections also contain questions that you should think about. Corresponding answers are given
right after, in case of problem. You can read them right after the question, but : the purpose of this lab
is to make you

Think !
If you get lost with some of the questions or some of the explanations, DO ASK the assistants or

the teacher for help : they are here to make the course understood. There is no such thing as a stupid
question, and the only obstacle to knowledge is laziness.

Have a nice lab;
Teacher & Assistants
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1 Gaussian statistics

1.1 Samples from a Gaussian density

Useful formulas and definitions :

- The Gaussian probability density function (Gaussian pdf) for the d-dimensional random variable
x ⟲ N (µ,Σ) (i.e. variable x following the Gaussian, or Normal, probability law) is given by :

g(µ,Σ)(x) =
1

√
2π

d√
det (Σ)

e−
1
2 (x−µ)TΣ−1(x−µ)

where µ is the mean vector and Σ is the variance-covariance matrix. µ and Σ are the parameters
of the Gaussian distribution. Speech features (also referred as acoustic vectors) are examples of
d-dimensional variables, and it is usually assumed that they follow a Gaussian distribution.

- If x ⟲ N (0, I) (x follows a normal law with zero mean and unit variance; I denotes the identity
matrix), and if y =

√
Σx+ µ, then y ⟲ N (µ,Σ).

-
√
Σ defines the standard deviation of the random variable x (écart-type in French). Beware : this

square root is meant in the matrix sense.

Experiment :

Generate a sample X of N points, i.e. X = {x1, x2, · · · , xN}, with N = 10000, coming from a 2-
dimensional Gaussian process that has mean :

µ =

(
730
1090

)
and variance :

1. 8000 for both dimensions (spherical process) (sample X1) :

Σ1 =

[
8000 0
0 8000

]

2. expressed as a diagonal covariance matrix (sample X2) :

Σ2 =

[
8000 0
0 18500

]

1



1.1 Samples from a Gaussian density 1 GAUSSIAN STATISTICS

3. expressed as a full covariance matrix (sample X3) :

Σ3 =

[
8000 8400
8400 18500

]

Use the function gausview (>> help gausview) to plot the results as clouds of points in the 2-dimensional
plane, and to view the corresponding 2-dimensional probability density functions (pdfs) in 2D and 3D.

Example :

>> N = 10000;

>> mu = [730 1090]; sigma 1 = [8000 0; 0 8000];

>> X1 = randn(N,2) * sqrtm(sigma 1) + repmat(mu,N,1);

>> gausview(X1,mu,sigma 1,’Sample X1’);

Repeat the three previous steps for the two other Gaussians. Use the radio buttons to switch the plots
on/off. Use the “view” buttons to switch between 2D and 3D. Use the mouse to rotate the plot.

Note : if you don’t know what one of the cited Octave command does, use
>> help command
to get some help. If the help doesn’t make it clearer, ask the assistants.

Question :

By simple inspection of 2D views of the data and of the corresponding pdf contours, how can you tell
which sample corresponds to a spherical process, which sample corresponds to a pdf with a diagonal
covariance, and which to a pdf with a full covariance ?

Answer :

ThecloudofpointsandthepdfcontourscorrespondingtoΣ1arecircular,becauseinthiscasethefirstand
theseconddimensionofthevectorsareindependent.Asamatteroffact,theyhaveanullcovariance:

E[(xd1−µd1)
T
(xd2−µd2)]=0

Theyareorthogonalinthestatisticalsense,whichtransposestoageometricsense(theexpectationisa
scalarproductofrandomvariables;anullscalarproductmeansorthogonality).Intuitively,youcanalso
considerthatanullcovariancemeansnosharingofinformationbetweenthetwodimensions:theycan
evolveindependentlyinaGaussianwayalongtheirrespectiveaxes.Besides,thevarianceisthesame
inbothdimensions,whichindicatesanequivalentspreadofthedataalongbothaxes.Hencethecircular
blobofdatapointsandthename“sphericalprocess”.

ThecloudofpointsandthepdfcontourscorrespondingtoΣ2areelliptic,withtheiraxesparallelto
theabscissaandordinateaxes.Thisisbecausethefirstandtheseconddimensionarestillindependent
(theircovarianceisnullagain),butthistimethevarianceisdifferentalongbothdimensions.

ForΣ3,thecovarianceofbothdimensionsisnotnull,sotheprincipalaxesoftheellipsesarenot
alignedwiththeabscissaandordinateaxes.
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1 GAUSSIAN STATISTICS 1.2 Gaussian modeling : mean and variance of a sample

1.2 Gaussian modeling : mean and variance of a sample

Useful formulas and definitions :

- Mean estimator : µ̂ = 1
N

∑N
i=1 xi

- Unbiased covariance estimator : Σ̂ = 1
N−1

∑N
i=1(xi − µ)T (xi − µ)

Experiment :

Take the set X3 of 10000 points generated from N (µ,Σ3). Compute an estimate µ̂ of its mean and an
estimate Σ̂ of its variance :

1. with all the available points µ̂(10000) = Σ̂(10000) =

2. with only 1000 points µ̂(1000) = Σ̂(1000) =

3. with only 100 points µ̂(100) = Σ̂(100) =

Compare the estimated value µ̂ with the original value of µ by measuring the Euclidean distance that
separates them. Compare the estimated value Σ̂ with the original value of Σ3 by measuring the matrix
2-norm of their difference (∥ A− B ∥2 constitutes a measure of similarity of two matrices A and B; use
Octave’s norm command).

Example :

In the case of 1000 points (case 2.) :
>> X = X3(1:1000,:);

>> N = size(X,1)

>> mu 1000 = sum(X)/N -or- >> mu 1000 = mean(X)

>> sigma 1000 = (X - repmat(mu 1000,N,1))’ * (X - repmat(mu 1000,N,1)) / (N-1)

-or- >> sigma 1000 = cov(X)

>> % Comparison of the values:

>> e mu = sqrt( (mu 1000 - mu) * (mu 1000 - mu)’ )

>> % (This is the Euclidean distance between mu 1000 and mu)

>> e sigma = norm( sigma 1000 - sigma 3 )

>> % (This is the 2-norm of the difference between sigma 1000 and sigma 3)

Question :

When comparing the estimated values µ̂ and Σ̂ with the original values of µ and Σ3 (using the Euclidean
distance and the matrix 2-norm), what can you observe ?

Answer :

Themorepoints,thebettertheestimates.Furthermore,anaccuratemeanestimaterequireslesspoints
thananaccuratevarianceestimate.Ingeneral,inanydata-basedpatternclassificationtechnique(as
opposedtoknowledge-basedtechniquesorexpertsystems),itisveryimportanttohaveenoughtraining
examplestoestimatesomeaccuratemodelsofthedata.
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1.3 Likelihood of a sample with respect to a Gaussian model 1 GAUSSIAN STATISTICS

1.3 Likelihood of a sample with respect to a Gaussian model

Useful formulas and definitions :

- Likelihood : the likelihood of a sample point given a Gaussian model (i.e. given a set of parameters
Θ = (µ,Σ)) is the value of the probability density function for that point. In the case of Gaussian
models, this amounts to compute the value of the pdf expression given at the beginning of section 1.1.

- Joint likelihood : for a set of independent identically distributed (i.i.d.) points, sayX = {x1, x2, · · · , xN},
the joint (or total) likelihood is the product of the likelihood for each point. For instance, in the
Gaussian case :

p(X|Θ) =

N∏
i=1

p(xi|Θ) =

N∏
i=1

p(xi|µ,Σ) =
N∏
i=1

g(µ,Σ)(xi)

Experiment :

Given the 4 Gaussian models :

N1 : Θ1 =

([
730
1090

]
,

[
8000 0
0 8000

])
N2 : Θ2 =

([
730
1090

]
,

[
8000 0
0 18500

])

N3 : Θ3 =

([
730
1090

]
,

[
8000 8400
8400 18500

])
N4 : Θ4 =

([
270
1690

]
,

[
8000 8400
8400 18500

])

compute the following log-likelihoods for the whole sample X3 (10000 points) :

log p(X3|Θ1), log p(X3|Θ2), log p(X3|Θ3) and log p(X3|Θ4).

(First answer the following question and then look at the exemple given on the next page.)

Question :

Why do we want to compute the log-likelihood rather than the simple likelihood ?

Answer :

Computingthelog-likelihoodturnstheproductintoasum:

p(X|Θ)=

N∏
i=1

p(xi|Θ)⇔logp(X|Θ)=

N∑
i=1

logp(xi|Θ)

IntheGaussiancase,italsoavoidsthecomputationoftheexponential:

p(x|Θ)=
1

√
2π

d√det(Σ)
e−

1
2(x−µ)

T
Σ−1

(x−µ)

logp(x|Θ)=−
d

2
log(2π)−

1

2
log(det(Σ))−

1

2
(x−µ)

T
Σ−1

(x−µ)

Furthermore,sincelog(x)isamonotonicallygrowingfunction,thelog-likelihoodshavethesamerelations
oforderasthelikelihoods:

p(x|Θ1)>p(x|Θ2)⇔logp(x|Θ1)>logp(x|Θ2)

sotheycanbeuseddirectlytoclassifysamples.
Inaclassificationframework,thecomputationcanbeevenmoresimplified:therelationsoforderwill

remainvalidifwedropthedivisionby2andthedlog(2π)term(wehavearighttodroptheseterms
becausetheyareindependentoftheclasses).IfN1(Θ1)andN2(Θ2)havethesamevariance,wecanalso
dropthelog(det(Σ))term(sinceinthiscasethevarianceitselfbecomesindependentoftheclasses).

Asasummary,log-likelihoodsusesimplercomputationbutarereadilyusableforclassificationtasks.
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2 STATISTICAL PATTERN RECOGNITION

Example :

>> N = size(X3,1)

>> mu 1 = [730 1090]; sigma 1 = [8000 0; 0 8000];

>> logLike1 = 0;

>> for i = 1:N;

logLike1 = logLike1 + (X3(i,:) - mu 1)*inv(sigma 1)*(X3(i,:) - mu 1)’;

end;

>> logLike1 = - 0.5 * ( logLike1 + N*log(det(sigma 1)) + 2*N*log(2*pi) )

Note : if you don’t understand why the different models generate a different log-likelihood value for the
data, use the function gausview to compare the relative positions of the models N1, N2, N3 and N4 with
respect to the data set X3, e.g. :
>> mu 1 = [730 1090]; sigma 1 = [8000 0; 0 8000];

>> gausview(X3,mu 1,sigma 1,’Comparison of X3 and N1’);

Question :

Of N1, N2, N3 and N4, which model “explains” best the data X3 ? Which model has the highest number
of parameters ? Which model would you choose for a good compromise between the number of parameters
and the capacity to represent accurately the data ?

Answer :

ThemodelN3producesthehighestlikelihoodforthedatasetX3.SowecansaythatdataX3ismore
likelytohavebeengeneratedbymodelN3thanbytheothermodels,orthatN3explainsbestthedata.

Ontheotherhand,modelN3hasthehighestnumberofparameters(2termsforthemean,4nonnull
termsforthevariance).Thismayseemlowintwodimensions,butthenumberofparametersgrows
exponentiallywiththedimensionofthedata(thisphenomenoniscalledthecurseofdimensionality).
Also,themoreparametersyouhave,themoredatayouneedtoestimate(ortrain)them.

In“realworld”speechrecognitionapplications,thedimensionalityofthespeechfeaturesistypicallyof
theorderof40(1energycoefficient+12cepstrumcoefficients+theirfirstandsecondorderderivatives
=avectorof39coefficients).Furtherprocessingisappliedtoorthogonalizethedata(e.g.,cepstralcoeffi-
cientscanbeinterpretedasorthogonalizedspectra,andhenceadmitquasi-diagonalcovariancematrices).
Therefore,thecompromiseusuallyconsideredistousemodelswithdiagonalcovariancematrices,such
asthemodelN2inourexample.
2 Statistical pattern recognition

2.1 A-priori class probabilities

Experiment :

Load data from file “vowels.mat”. This file contains a database of simulated 2-dimensional speech features
in the form of artificial pairs of formant values (the first and the second spectral formants, [F1, F2]). These
artificial values represent the features that would be extracted from several occurrences of vowels /a/,
/e/, /i/, /o/ and /y/1. They are grouped in matrices of size N×2, where each of the N lines is a training
example and 2 is the dimension of the features (in our case, formant frequency pairs).

Supposing that the whole database covers adequately an imaginary language made only of /a/’s,
/e/’s, /i/’s, /o/’s and /y/’s, compute the probability P (qk) of each class qk, k ∈ {/a/, /e/, /i/, /o/, /y/}.
What are the most common and the least common phoneme in the language ?

Example :

>> clear all; load vowels.mat; whos

>> Na = size(a,1); Ne = size(e,1); Ni = size(i,1); No = size(o,1); Ny = size(y,1);

>> N = Na + Ne + Ni + No + Ny;

>> Pa = Na/N

>> Pi = Ni/N

etc.

1/y/ is the phonetic symbol for “u” like in the French word “tutu”.
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2.2 Gaussian modeling of classes 2 STATISTICAL PATTERN RECOGNITION

Answer :

Theprobabilityofusing/a/inthisimaginaryspeechis0.25.Itis0.3for/e/,0.25for/i/,0.15for/o/
and0.05for/y/.Themostcommonphonemeistherefore/e/,whiletheleastcommonis/y/.

2.2 Gaussian modeling of classes

Experiment :

Plot each vowel’s data as clouds of points in the 2D plane. Train the Gaussian models corresponding
to each class (use directly the mean and cov commands). Plot their contours (use directly the function
plotgaus(mu,sigma,color) where color = [R,G,B]).

Example :

>> plotvow; % Plot the clouds of simulated vowel features

(Do not close the obtained figure, it will be used later on.)
Then compute and plot the Gaussian models :
>> mu a = mean(a);

>> sigma a = cov(a);

>> plotgaus(mu a,sigma a,[0 1 1]);

>> mu e = mean(e);

>> sigma e = cov(e);

>> plotgaus(mu e,sigma e,[0 1 1]);

etc.

Note your results below :

µ/a/ = Σ/a/ =

µ/e/ = Σ/e/ =

µ/i/ = Σ/i/ =

µ/o/ = Σ/o/ =

µ/y/ = Σ/y/ =

2.3 Bayesian classification

Useful formulas and definitions :

- Bayes’ decision rule :

X ∈ qk if P (qk|X,Θ) ≥ P (qj |X,Θ), ∀j ̸= k

This formula means : given a set of classes qk, characterized by a set of known parameters Θ, a set
of one or more speech feature vectors X (also called observations) belongs to the class which has
the highest probability once we actually know (or “see”, or “measure”) the sample X. P (qk|X,Θ)
is therefore called the a posteriori probability, because it depends on having seen the observations,
as opposed to the a priori probability P (qk|Θ) which does not depend on any observation (but
depends of course on knowing how to characterize all the classes qk, which means knowing the
parameter set Θ).
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2 STATISTICAL PATTERN RECOGNITION 2.3 Bayesian classification

- For some classification tasks (e.g. speech recognition), it is more practical to resort to Bayes’ law,
which makes use of likelihoods, rather than trying to estimate directly the posterior probability.
Bayes’ law says :

P (qk|X,Θ) =
p(X|qk,Θ)P (qk|Θ)

p(X|Θ)

where qk is a class, X is a sample containing one or more feature vectors and Θ is the parameter
set of all the class models.

- The speech features are usually considered equi-probable. Hence, it is considered that P (qk|X,Θ)
is proportional to p(X|qk,Θ)P (qk|Θ) for all the classes :

∀k, P (qk|X,Θ) ∝ p(X|qk,Θ)P (qk|Θ)

- Once again, it is more convenient to do the computation in the log domain :

logP (qk|X,Θ) ≃ log p(X|qk,Θ) + logP (qk|Θ)

Question :

1. In our case (Gaussian models for phoneme classes), what is the meaning of the Θ given in the above
formulas ?

2. What is the expression of p(X|qk,Θ), and of log p(X|qk,Θ) ?

3. What is the definition of the probability P (qk|Θ) ?

Answer :

1.Inourcase,ΘrepresentsthesetofallthemeansµkandvariancesΣk,k∈{/a/,/e/,/i/,/o/,/u/}.

2.Theexpressionofp(X|qk,Θ)andoflogp(X|qk,Θ)correspondtothecomputationoftheGaussian
pdfanditslogarithm,alreadyexpressedinsection1.3.

3.TheprobabilityP(qk|Θ)isthea-prioriclassprobabilityfortheclassqk(correspondingtothepa-
rametersΘk∈Θ).Itdefinesanabsoluteprobabilityofoccurrencefortheclassqk.Thea-priori
classprobabilitiesforourartificialphonemeclasseshavebeencomputedinthesection2.1.

Question :

Now, we have modeled each vowel class with a Gaussian pdf (by computing means and variances), we
know the probability P (qk) of each class in the imaginary language, and we assume that the speech
features (as opposed to speech classes) are equi-probable. What is the most probable class qk for the
speech feature points x = (F1, F2)

T given in the following table ? (Compute the posterior probabilities
according to the example given on the next page.)

x F1 F2 logP (q/a/|x) logP (q/e/|x) logP (q/i/|x) logP (q/o/|x) logP (q/y/|x)
Most prob.
class

1. 400 1800

2. 400 1000

3. 530 1000

4. 600 1300

5. 670 1300

6. 420 2500
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2.4 Discriminant surfaces 2 STATISTICAL PATTERN RECOGNITION

Example :

Use function gloglike(point,mu,sigma) to compute the likelihoods. Don’t forget to add the log of the
prior probability ! E.g., for point 1. and class /a/ :
>> gloglike([400,1800],mu a,sigma a) + log(Pa)

Answer :

1./e/2./y/3./o/4./y/5./a/6./i/

2.4 Discriminant surfaces

Useful formulas and definitions :

- Discriminant function : a set of functions fk(x) allows to classify a sample x into k classes qk if :

x ∈ qk ⇔ fk(x,Θk) ≥ fl(x,Θl), ∀l ̸= k

In this case, the k functions fk(x) are called discriminant functions.

Question :

What is the link between discriminant functions and Bayesian classifiers ?

Answer :

Thea-posterioriprobabilityP(qk|x)thatasamplexbelongstoclassqkisitselfadiscriminantfunction:

x∈qk⇔P(qk|x)≥P(ql|x)∀l̸=k

⇔p(x|qk)P(qk)≥p(x|ql)P(ql)

⇔logp(x|qk)+logP(qk)≥logp(x|ql)+logP(ql)
Experiment :

The iso-likelihood lines for the Gaussian pdfs N
(
µ/i/,Σ/i/

)
and N

(
µ/e/,Σ/e/

)
, which we used before

to model the class /i/ and the class /e/, are plotted on the next page (figure 1). On a second graph,
the iso-likelihood lines for N

(
µ/i/,Σ/e/

)
and N

(
µ/e/,Σ/e/

)
(two pdfs with the same covariance matrix

Σ/e/) are represented. On these figures, use a colored pen to join the intersections of the level lines that
correspond to equal likelihoods.

Question :

What is the nature of the surface that separates class /i/ from class /e/ when the two models have
different variances ? Can you explain the origin of this form ?

What is the nature of the surface that separates class /i/ from class /e/ when the two models have
the same variances ? Why is it different from the previous discriminant surface ?

Answer :

Inthecaseofdifferentvariances,thediscriminantsurfaceisaparabola.Asamatteroffact,inthe
Gaussiancase:

logp(x|Θ)≃−
1

2
(x−µ)

T
Σ−1

(x−µ)−
1

2
log(det(Σ))

whichisaquadraticform.Therefore,theequation:

logp(x|Θ1)=logp(x|Θ2)

whichdescribesthediscriminantsurfaceisnecessarilyasecondorderequation.Hence,itssolution
describesaparabolicdiscriminantsurface.

Inthecasewherethecovariancematricesareequal,theseparationbetweentheclass1andtheclass2
doesnotdependuponthecovarianceΣanymore:(Continuedonnextpage...)
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2 STATISTICAL PATTERN RECOGNITION 2.4 Discriminant surfaces
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Figure 1: Iso-likelihood lines for the Gaussian pdfs N
(
µ/i/,Σ/i/

)
and N

(
µ/e/,Σ/e/

)
, then N

(
µ/i/,Σ/e/

)
and N

(
µ/e/,Σ/e/

)
.
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3 UNSUPERVISED TRAINING

Answer,continued:

−
1

2
(x−µ1)

T
Σ−1

(x−µ1)−
1

2
log(det(Σ))=−

1

2
(x−µ2)

T
Σ−1

(x−µ2)−
1

2
log(det(Σ))

⇔−
1

2
(x−µ1)

T
Σ−1

(x−µ1)=−
1

2
(x−µ2)

T
Σ−1

(x−µ2)

⇔−
1

2
x
T
Σ−1

x+µ
T
1Σ−1

x−
1

2
µ
T
1Σ−1

µ1=−
1

2
x
T
Σ−1

x+µ
T
2Σ−1

x−
1

2
µ
T
2Σ−1

µ2

Hence,theequationofthesurfacethatseparatesclassq1fromclassq2becomes:

(µ1−µ2)
T
Σ−1

x−
1

2
(µ1−µ2)

T
Σ−1

(µ1−µ2)=0

whichhasalinearform.Intheequalcovariancecase,usingaBayesianclassifierwithGaussiandensities
isthereforeequivalenttousingdiscriminantfunctionsoftheform:

fk(x)=w
T
kx+wk0

where

w
T
k=µ

T
kΣ−1

wk0=−
1

2
µ
T
kΣ−1

µk

Asasummary,wehaveshownthatBayesianclassifierswithGaussianmodelsseparatetheclasses
withcombinationsofparabolicsurfaces.Ifthecovariancematricesofthemodelsareequal,theparabolic
separationsurfacesbecomesimplehyper-planes.

3 Unsupervised training

In the previous section, we have computed the models for classes /a/, /e/, /i/, /o/ and /y/ by knowing
a-priori which training samples belongs to which class (we were disposing of a labeling of the training
data). Hence, we have performed a supervised training of Gaussian models. Now, suppose that we only
have unlabeled training data that we want to separate in several classes (e.g., 5 classes) without knowing
a-priori which point belongs to which class. This is called unsupervised training. Several algorithms
are available for that purpose, among which : the K-means, the Viterbi-EM and the EM (Expectation-
Maximization) algorithm.

All these algorithms are characterized by the following components :

• a set of models qk (not necessarily Gaussian), defined by some parameters Θ (means, variances,
priors,...);

• a measure of membership, telling to which extent a data point “belongs” to a model;

• a “recipe” to update the model parameters in function of the membership information.

The measure of membership usually takes the form of a measure of distance or the form of a measure of
probability. It replaces the missing labeling information to permit the application of standard parameter
estimation techniques. It also defines implicitly a global criterion of “goodness of fit” of the models to
the data, e.g. :

• in the case of a distance, the models that are globally closer from the data characterize it better;

• in the case of a probability measure, the models bringing a better likelihood for the data explain it
better.

Table 1 summarizes the components of each of the algorithm that will be studied in the following exper-
iments. More detail will be given in the corresponding subsections.
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3.1 K-means algorithm 3 UNSUPERVISED TRAINING

3.1 K-means algorithm

Synopsis of the algorithm :

• Start with K initial prototypes µk, k = 1, · · · ,K.

• Do :

1. For each data-point xn, n = 1, · · · , N , compute the squared Euclidean distance from the kth

prototype :

dk(xn) = ∥xn − µk∥2

= (xn − µk)
T (xn − µk)

2. Assign each data-point xn to its closest prototype µk, i.e. assign xn to the class qk if :

dk(xn) ≤ dl(xn), ∀l ̸= k

Note : using the square of the Euclidean distance for the classification gives the same result as
using the true Euclidean distance, since the square root is a monotonically growing function.
But the computational load is obviously lighter when the square root is dropped.

3. Replace each prototype with the mean of the data-points assigned to the corresponding class;

4. Go to 1.

• Until : no further change occurs.

The global criterion defined in the present case is :

J =

K∑
k=1

∑
xn∈qk

dk(xn)

and represents the total squared distance between the data and the models they belong to. This criterion
is locally minimized by the algorithm.

Experiment :

Use the K-means explorer utility :

KMEANS K-means algorithm exploration tool

Launch it with KMEANS(DATA,NCLUST) where DATA is the matrix

of observations (one observation per row) and NCLUST is the

desired number of clusters.

The clusters are initialized with a heuristic that spreads

them randomly around mean(DATA) with standard deviation

sqrtm(cov(DATA)).

If you want to set your own initial clusters, use

KMEANS(DATA,MEANS) where MEANS is a cell array containing

NCLUST initial mean vectors.

Example: for two clusters

means{1} = [1 2]; means{2} = [3 4];

kmeans(data,means);
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3 UNSUPERVISED TRAINING 3.2 Viterbi-EM algorithm for Gaussian clustering

Launch it with the data sample allvow, which was part of file vowels.mat and gathers all the
simulated vowels data. Do several runs with different cases of initialization of the algorithm :

1. 5 initial clusters determined according to the default heuristic;

2. some initial MEANS values equal to some data points;

3. some initial MEANS values equal to {µ/a/, µ/e/, µ/i/, µ/o/, µ/y/}.

Iterate the algorithm until its convergence. Observe the evolution of the cluster centers, of the data-points
attribution chart and of the total squared Euclidean distance. (It is possible to zoom these plots : left
click inside the axes to zoom 2× centered on the point under the mouse; right click to zoom out; click
and drag to zoom into an area; double click to reset the figure to the original). Observe the mean values
found after the convergence of the algorithm.

Example :

>> kmeans(allvow,5);

- or -
>> means = { mu a, mu e, mu i, mu o, mu y };
>> kmeans(allvow,means);

Enlarge the window, then push the buttons, zoom etc. After the convergence, use :
>> for k=1:5, disp(kmeans result means{k}); end

to see the resulting means.

Question :

1. Does the final solution depend on the initialization of the algorithm ?

2. Describe the evolution of the total squared Euclidean distance.

3. What is the nature of the discriminant surfaces corresponding to a minimum Euclidean distance
classification scheme ?

4. Is the algorithm suitable for fitting Gaussian clusters ?

Answer :

1.Thefinalsolutiondependsupontheinitializationofthealgorithm.

2.ThetotalsquaredEuclideandistancedecreasesinamonotonicway.

3.Theminimum-distancepointattributionschemeisequivalenttolineardiscriminantsurfaces.

4.ThefinalsolutionoftheK-meansalgorithmisunabletolockontotheoriginalGaussianphoneme
classes.

3.2 Viterbi-EM algorithm for Gaussian clustering

Synopsis of the algorithm :

• Start fromK initial Gaussian modelsN (µk,Σk), k = 1 · · ·K, characterized by the set of parameters
Θ (i.e. the set of all means and variances µk and Σk, k = 1 · · ·K). Set the initial prior probabilities
P (qk) to 1/K.

• Do :

1. Classify each data-point using Bayes’ rule.

This step is equivalent to having a set Q of boolean hidden variables that give a labeling of
the data by taking the value 1 (belongs) or 0 (does not belong) for each class qk and each
point xn. The value of Q that maximizes p(X,Q|Θ) precisely tells which is the most probable
model for each point of the whole set X of training data.

Hence, each data point is assigned to its most probable cluster q
(old)
k .

13



3.2 Viterbi-EM algorithm for Gaussian clustering 3 UNSUPERVISED TRAINING

2. Update the parameters :

– update the means :

µ
(new)
k = mean of the points belonging to q

(old)
k

– update the variances :

Σ
(new)
k = variance of the points belonging to q

(old)
k

– update the priors :

P (q
(new)
k |Θ(new)) =

number of training points belonging to q
(old)
k

total number of training points

3. Go to 1.

• Until : no further change occurs.

The global criterion defined in the present case is :

L(Θ) =
∑
X

P (X|Θ) =
∑
Q

∑
X

p(X,Q|Θ)

=

K∑
k=1

∑
xn∈qk

log p(xn|Θk)

and represents the joint likelihood of the data with respect to the models they belong to. This criterion
is locally maximized by the algorithm.

Experiment :

Use the Viterbi-EM explorer utility :

VITERB Viterbi version of the EM algorithm

Launch it with VITERB(DATA,NCLUST) where DATA is the matrix

of observations (one observation per row) and NCLUST is the

desired number of clusters.

The clusters are initialized with a heuristic that spreads

them randomly around mean(DATA) with standard deviation

sqrtm(cov(DATA)). Their initial covariance is set to cov(DATA).

If you want to set your own initial clusters, use

VITERB(DATA,MEANS,VARS) where MEANS and VARS are cell arrays

containing respectively NCLUST initial mean vectors and NCLUST

initial covariance matrices. In this case, the initial a-priori

probabilities are set equal to 1/NCLUST.

To set your own initial priors, use VITERB(DATA,MEANS,VARS,PRIORS)

where PRIORS is a vector containing NCLUST a priori probabilities.

Example: for two clusters

means{1} = [1 2]; means{2} = [3 4];

vars{1} = [2 0;0 2]; vars{2} = [1 0;0 1];

viterb(data,means,vars);

Launch it with the dataset allvow. Do several runs with different cases of initialization of the algorithm :

1. 5 initial clusters determined according to the default heuristic;

14



3 UNSUPERVISED TRAINING 3.2 Viterbi-EM algorithm for Gaussian clustering

2. some initial MEANS values equal to some data points, and some random VARS values (try for instance
cov(allvow) for all the classes);

3. the initial MEANS, VARS and PRIORS values found by the K-means algorithm.

4. some initial MEANS values equal to {µ/a/, µ/e/, µ/i/, µ/o/, µ/y/}, VARS values equal to
{Σ/a/,Σ/e/,Σ/i/,Σ/o/,Σ/y/}, and PRIORS values equal to [P/a/, P/e/, P/i/, P/o/, P/y/];

5. some initial MEANS and VARS values chosen by yourself.

Iterate the algorithm until it converges. Observe the evolution of the clusters, of the data points attribu-
tion chart and of the total likelihood curve. Observe the mean, variance and priors values found after the
convergence of the algorithm. Compare them with the values computed in section 2.2 (with supervised
training).

Example :

>> viterb(allvow,5);

- or -
>> means = { mu a, mu e, mu i, mu o, mu y };
>> vars = { sigma a, sigma e, sigma i, sigma o, sigma y };
>> viterb(allvow,means,vars);

Enlarge the window, then push the buttons, zoom etc. After convergence, use :
>> for k=1:5, disp(viterb result means{k}); end

>> for k=1:5, disp(viterb result vars{k}); end

>> for k=1:5, disp(viterb result priors(k)); end

to see the resulting means, variances and priors.

Question :

1. Does the final solution depend on the initialization of the algorithm ?

2. Describe the evolution of the total likelihood. Is it monotonic ?

3. In terms of optimization of the likelihood, what does the final solution correspond to ?

4. What is the nature of the discriminant surfaces corresponding to the Gaussian classification ?

5. Is the algorithm suitable for fitting Gaussian clusters ?

Answer :

1.Thefinalsolutionstronglydependsupontheinitializationofthealgorithm.

2.Thetotallikelihoodincreasesmonotonically,whichmeansthatthemodels“explain”thetraining
datasetbetterandbetter.

3.Thefinalsolutioncorrespondsapproximatelytoalocalmaximumoflikelihoodinthesenseof
BayesianclassificationwithGaussianmodels.

4.Asseeninsection2.4,thediscriminantsurfacescorrespondingtoGaussianclusterswithunequal
varianceshavetheformof(hyper-)parabolas.

5.ThefinalsolutionoftheViterbi-EMalgorithmisabletolockapproximatelyontothesimulated
Gaussianphonemeclassesifthenumberandtheplacementoftheinitialclustersarecorrectly
guessed(whichisnotaneasytask).
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3.3 EM algorithm for Gaussian clustering 3 UNSUPERVISED TRAINING

3.3 EM algorithm for Gaussian clustering

Synopsis of the algorithm :

• Start from K initial Gaussian models N (µk,Σk), k = 1 · · ·K, with equal priors set to P (qk) = 1/K.

• Do :

1. Estimation step : compute the probability P (q
(old)
k |xn,Θ

(old)) for each data point xn to

belong to the class q
(old)
k :

P (q
(old)
k |xn,Θ

(old)) =
P (q

(old)
k |Θ(old)) · p(xn|q(old)k ,Θ(old))

p(xn|Θ(old))

=
P (q

(old)
k |Θ(old)) · p(xn|µ(old)

k ,Σ
(old)
k )∑

j P (q
(old)
j |Θ(old)) · p(xn|µ(old)

j ,Σ
(old)
j )

This step is equivalent to having a set Q of continuous hidden variables, taking values in the
interval [0, 1], that give a labeling of the data by telling to which extent a point xn belongs
to the class qk. This represents a soft classification, since a point can belong, e.g., by 60% to
class 1 and by 40% to class 2 (think of Schrödinger’s cat which is 60% alive and 40% dead as
long as nobody opens the box or performs Bayesian classification).

2. Maximization step :

– update the means :

µ
(new)
k =

∑N
n=1 xnP (q

(old)
k |xn,Θ

(old))∑N
n=1 P (q

(old)
k |xn,Θ(old))

– update the variances :

Σ
(new)
k =

∑N
n=1 P (q

(old)
k |xn,Θ

(old))(xn − µ
(new)
k )(xn − µ

(new)
k )T∑N

n=1 P (q
(old)
k |xn,Θ(old))

– update the priors :

P (q
(new)
k |Θ(new)) =

1

N

N∑
n=1

P (q
(old)
k |xn,Θ

(old))

In the present case, all the data points participate to the update of all the models, but their

participation is weighted by the value of P (q
(old)
k |xn,Θ

(old)).

3. Go to 1.

• Until : the total likelihood increase for the training data falls under some desired threshold.

The global criterion defined in the present case is :

L(Θ) = log p(X|Θ) = log
∑
Q

p(X,Q|Θ)

= log
∑
Q

P (Q|X,Θ)p(X|Θ) (Bayes)

= log

K∑
k=1

P (qk|X,Θ)p(X|Θ)

Applying Jensen’s inequality
(
log

∑
j λjyj ≥

∑
j λj log yj if

∑
j λj = 1

)
, we obtain :

L(Θ) ≈
K∑

k=1

P (qk|X,Θ) log p(X|Θ)

=

K∑
k=1

N∑
n=1

P (qk|xn,Θ) log p(xn|Θ)

Hence, the final J represents a lower boundary for the joint likelihood of all the data with respect to all
the models. This criterion is locally maximized by the algorithm.

16



3 UNSUPERVISED TRAINING 3.3 EM algorithm for Gaussian clustering

Experiment :

Use the EM explorer utility :

EMALGO EM algorithm explorer

Launch it with EMALGO(DATA,NCLUST) where DATA is the matrix

of observations (one observation per row) and NCLUST is the

desired number of clusters.

The clusters are initialized with a heuristic that spreads

them randomly around mean(DATA) with standard deviation

sqrtm(cov(DATA)*10). Their initial covariance is set to cov(DATA).

If you want to set your own initial clusters, use

EMALGO(DATA,MEANS,VARS) where MEANS and VARS are cell arrays

containing respectively NCLUST initial mean vectors and NCLUST

initial covariance matrices. In this case, the initial a-priori

probabilities are set equal to 1/NCLUST.

To set your own initial priors, use VITERB(DATA,MEANS,VARS,PRIORS)

where PRIORS is a vector containing NCLUST a priori probabilities.

Example: for two clusters

means{1} = [1 2]; means{2} = [3 4];

vars{1} = [2 0;0 2]; vars{2} = [1 0;0 1];

emalgo(data,means,vars);

Launch it with again the same dataset allvow. Do several runs with different cases of initialization of
the algorithm :

1. 5 clusters determined according to the default heuristic;

2. some initial MEANS values equal to some data points, and some random VARS values (e.g. cov(allvow)
for all the classes);

3. the initial MEANS and VARS values found by the K-means algorithm.

4. some initial MEANS values equal to {µ/a/, µ/e/, µ/i/, µ/o/, µ/y/}, VARS values equal to
{Σ/a/,Σ/e/,Σ/i/,Σ/o/,Σ/y/}, and PRIORS values equal to [P/a/, P/e/, P/i/, P/o/, P/y/];

5. some initial MEANS and VARS values chosen by yourself.

(If you have time, also increase the number of clusters and play again with the algorithm.)
Iterate the algorithm until the total likelihood reaches an asymptotic convergence. Observe the

evolution of the clusters and of the total likelihood curve. (In the EM case, the data points attribution
chart is not given because each data point participates to the update of each cluster.) Observe the mean,
variance and prior values found after the convergence of the algorithm. Compare them with the values
found in section 2.2.

Example :

>> emalgo(allvow,5);

- or -
>> means = { mu a, mu e, mu i, mu o, mu y };
>> vars = { sigma a, sigma e, sigma i, sigma o, sigma y };
>> emalgo(allvow,means,vars);

Enlarge the window, then push the buttons, zoom etc. After convergence, use :
>> for k=1:5, disp(emalgo result means{k}); end

>> for k=1:5, disp(emalgo result vars{k}); end

>> for k=1:5, disp(emalgo result priors(k)); end

to see the resulting means, variances and priors.
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Question :

1. Does the final solution depend on the initialization of the algorithm ?

2. Describe the evolution of the total likelihood. Is it monotonic ?

3. In terms of optimization of the likelihood, what does the final solution correspond to ?

4. Is the algorithm suitable for fitting Gaussian clusters ?

Answer :

1.Hereagain,thefinalsolutiondependsupontheinitializationofthealgorithm.

2.Again,thetotallikelihoodalwaysincreasesmonotonically.

3.ThefinalsolutioncorrespondstoalocalmaximumoflikelihoodinthesenseofBayesianclassification
withGaussianmodels.

4.ThefinalsolutionoftheEMalgorithmisabletolockperfectlyontotheGaussianphonemeclusters,
butonlyifthenumberandtheplacementoftheinitialclustersarecorrectlyguessed(which,once
again,isnotaneasytask).

Inpractice,theinitialclustersareusuallysettotheK-meanssolution(which,asyouhaveseen,
maynotbeanoptimalguess).Alternately,theycanbesettosome“wellchosen”datapoints.

After the lab...

This lab manual can be kept as additional course material. If you want to browse the experiments again,
you can use the script :
>> lab1demo

which will automatically redo all the computation and plots for you (except those of section 3).
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